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Abstract-There are IWO practical problems faced by users of parametric bicubic patch surfaces. One 
problem is to find the intersections of a straight line with the surface, for N/C computing. The other is to 
find planar intersections with the surface. for design purposes. Since such surfaces frequently consist of 
hundreds of patches. a procedure for eliminating obvious non-candidate patches seems desirable. Here it is 
proposed to use box enclosures for the patches, so that if a line (or a plane) fails to intersect the box the 
patch can be refected. There is a choice of strategies for box selection, and examples are given to exhibit 
the main features appropriate to the choice of strategy. 
I. INTRODUCTION 
The problem of determining the intersection of a line with a surface composed of parametric 
bicubic patches occurs in N/C processing and presently consumes a great deal of computer 
time. For surface design purposes the intersection of a plane with the surface is required. This 
is a considerably simpler problem, but the techniques applied to the first problem can also be 
used to reduce the amount of computing required for the second problem. This paper attacks 
the problem by the device of enclosing each patch in rectangular boxes, thus permitting rapid 
rejection of patches which cannot possibly be intersected. Since the likelihood of box 
intersection is related to its volume, the box of minimal volume is desirable but too expensive 
to find. Examples are given which tend to suggest that the results actually obtained are quite 
useful, if not minimal. 
It should be kept in mind that there are two phases to the problem. The first phase is 
determination of the boxes, which is done only once and hence is less critical with respect o 
time and expense than the second phase. The second phase is use of the boxes to eliminate 
patches, which is used many times, and hence is very critical with respect o time and expense. 
2. BICUBIC PATCH NOTATION 
Two equivalent formulations of the parametric bicubic patch are in common usage[l-31. 
xi(u, w)= V(u)AiV'(w) i= 1,2,3 u, w E w, 11 (1) 
where V(y) = (y3, y’, y, 1) and Ai is a 4 x 4 array of constants; 
Xi(Uj W) = a(U) (2) 
where 
and 
a(y) = V(Y)M 
3 -2 -1 
1 0 
1 0 0 0 
so that 
A, = Mk,Mr. 
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The second form is sometimes especially useful, since the elements of Ai have a simple 
geometric significance; 
’ J.i.o.0 
i 
X,.0.1 xi,lv.o.o xi.w.o.1 
Xi.l,O Xi.l.1 xi.w.1.0 Xi,w.,.l 
&...o.o XiAO.1 X,.“.W.O.O Xi...W.O.I 
Xi.u.l.0 Xi.~.l,l Xi.u.w.l.0 Xi.u.w.1.l I 
Xi(rt S) = &.r 
ax0, s) 
au = xi.u.r.s 
axdr, s) 
7 = Xi.w.r.s r,s =O. 1 
a2ai(r, s) = x, 
auaw I.U.V.I.O. 
3. LINE AND PLANE INTERSECTIONS WITH A BICUBIC PATCH 
Consider a parametric line in space 
x=p+qt i= 1,2,3 E (-co, +a) (3) 
where p = (p,, p2,p3) and 4 = (q,, q2, q3) are constant vectors. Let f, g, q be mutually 
orthogonal vectors. The line intersection problem requires solution of the system 
V(u)AiVT(W)=pi+qJ i= 1,2,3 
and when t is eliminated, the result is a,pair of equations in U, w 
V(u)CV’(w) = f * p, 
V(u)DV’(w) = g * p, 
where 
C = f,A, + fzAz + tsar 
D = g,Ar + g,Az + g,&. 
This pair can be reduced to an eighteenth order equation in either variable by using their 
resultant. Some, but not in general all, of the solutions of the new equation provide solutions of 
the problem. For obvious reasons the resultant is not useful for this purpose. It will be seen 
shortly that the boxes are useful not only for rejecting patches in a multipatch surface but also, 
for patches not rejected, providing bounds on the line parameter t within which the search for 
intersections may be continued. 
Consider the plane 
a.x+d=O 
where a = (a,, a2, a,) and d is a scalar. 
The intersection is defined by 
V(u)AVT(w)+ d = 0 
where 
A = a,A, + azAt + @,A,. 
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This is a bicubic equation for u and w and is relatively easy to handle. It is still desirable to 
eliminate as many patches as possible by simpler means. 
If it happens that the surface patch is a non-parametric bicubic, that is 
x3 = V(x,)A V’(x,) x;5x,sx:‘, x;sxzIx; 
and the line, as before is 
x=p+rf 
the equation to be solved becomes 
p3+ r,t = V(p, + r,t)AVr(pz+ rzf) 
which is a sixth degree equation in t. For rapid methods of solution see [4]. 
For the plane (I * x + d = 0 the equation is 
a,x, + a2x2+ a3V(xl)AVT(x~)+ d = 0 
which again is a single bicubic equation. 
4. PATCH ENCLOSURES AND PATCH REJECTION 
The objective of this paper is to enclose each patch in rectangular parallelepipeds (boxes). 
This involves finding 
xi. minv xi. mm 
such that 
Xi. min s Xi(U, w, 5 xi. max i= 1,2,3 I(, w E IO, I]. 
Obviously it is desirable to find, if possible, the largest xi,min and the smallest xi.,.,. The direct 
method of choosing these numbers from among the local optima interior to the u, w square and the 
local optima on the boundary is not useful. Indirect methods for obtaining numbers as close to 
optimal as desired are described elsewhere [4,5], 
It is still more desirable to find an orientation of axes, that is, a rotation such that in the new 
coordinate system the volume of the box is minimal. This is an extremely difficult problem and 
is not addressed here. Instead, a rotation which has certain desirable properties will be 
developed in the next section. 
Consider the patch (I), the line (3), and the bounds xi., I xi 5 xi.,. 
The allowable range for t is evidently 
b-4 
ti., = 
zt [(Xi&f - Pi)/qi~ (Xim - Pi)/@] i = 1,2,3. 
Let 
CM = min ti.M 
t, = max ti,,. 
The patch can be rejected if t, > t,.,. Otherwise 
t, 5 t 5 t&f 
which provides the maximum range for t. 
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For plane intersection with the plane a . x + d = 0 note that the box has eight vertices (x1.,, 
.rz.mr x3,,), (x,.,, x2.,,, x~.~) etc. If the function a . x + d has the same sign for each of these eight 
points the patch can be rejected. 
5. COORDINATE TRANSFORMATIONS 
Consider the minimization of 
I-= (e . x + ee,)* du dw - ~(e + e - I). 
By the usual methods the following equations are obtained: 
(RI- Ah + he2 + y1.3e3 +y,eo = 0 
YZ.I~I + (y2.2 - Ale2 + yt.3e3 + yze4 = 0 
y3.dl + y3.2ez + (y,,, - h)e, + y3e4 = 0 
ylel + he2 + y3e, + e4 = 0 
e:+e:+e:-l=O, 
(4) 
where 
’ Yi.j = II ’ [V(u)AiVT(W)][V(U)AiVr(W)J dU dw 0 0 
1 I 
= If [a(u)Aa'(w)] [a(u)A du dw 0 0 
yk = V(u)AiV’(w)du dw = a(u)AiaT(w) du dw. 
Obviously 7i.j = 7j.i. 
Now if e4 is eliminated from the first four of equation (5) the result is 
y1.1 
i 
-r:-A YI.Z-YIYZ 
y2.1- YZYI Y2.2 - Y: - A Y2.3 - YzY3 
y3.i- y3y1 Y3.2 - Y3YZ 
et e: + e: = 1. 
(6) 
This is an eigenvalue problem with normalized vectors. Since the associated matrix is not only 
symmetric but also non-negative definite, it follows that there are three non-negative eigen- 
values, and corresponding eigenvectors which are unique for unequal eigenvalues. Moreover, 
these eigenvectors are mutually orthogonal, or can be chosen to be mutually orthogonal in the 
case of equal eigenvalues. Since the eigenvectors are also normalized the three together 
determine a rotation matrix. 
Let the eigenvector associated with hi be 
The rotation matrix is 
(e,,, et.i, 
which, in of the preceding discussion is matrix, so that Em’ = Let 
x’ Ex 
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and apply the transformation to the bicubic patch. The result is 
where 
X; = V(u)A:VT(w) = cr(u)&a7(w) i= 1.2.3 
As for patch rejection in the new coordinate system, it is necessary to have available 
x:., 5 x: 5 xi,,. 
Since x’= Ex the line equation to be used with the transformed patch equation is 
x’ = p’ + q’t 
where p’ = Ep, q’ = Eq. 3ounds on t are obtained as before. 
A: = i ei.kAk 
For patch rejection in the case of plane intersection the plane a * x + d = 0 is transformed to 
a”x’+d=O where a’=ae*. 
6. EFFICIENCY 
For an eigenvalue Ai and associated eigenvector e it follows from (4) that 
T= (e . x + e$ du dw = A,. 
If Ai = 0 then e . x + e., = 0. That is, the bicubic patch is planar. Conversely, if the bicubic 
patch is planar there exists a zero eigenvalue. Similarly, for two or three zero eigenvalues the 
bicubic patch lies on a straight line, or is a point, and conversely. 
Thus if the patch happens to be planar and tilted with respect to the coordinate axes, the 
transformation produces a new set of coordinates such that the plane of the patch is parallel to 
one of the coordinate planes. This reduces the unrotated non-zero box volume to zero. 
In practice the surfaces encountered are generally quite smooth so that the patches are more 
or less planar. It seems likely that the rotation will usually produce excellent results. 
No proof has been found to show that box volume is not increased by rotation. On the other 
hand, no counter-example has been found. A possible strategy is to use the intersection of the 
original box and the rotated box. This can be done by checking against each box. 
As for storage requirements, fifteen constants per patch must be retained for the rotated 
patch, nine for the rotation matrix and the six bounds. If no rotation is used, the six bounds are 
all that is required. 
7. CALCULATION OF COEFFICIENTS 
The calculation of yz is trivia1 and leads to 
yi = fAf’ = fi&iif 
where 
f = (l/4, l/3,1/2, 1) 
f= (l/2, l/2. l/12, -l/12). 
Now let 
and consider 
Ai = tab.3 p,q = 192,334 
V(u)AiVT(w) = 2 ab.g u~-‘w~-~. 
p.4=1 
loo 
Then 
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yi.j = II o’ o’ 2 aA,, a’,,, u8-p-rW8-q-s dU dV 
= x af., a!,, o’ o’ u8-p-rw8-4-s du dv 
II 
=z a;,al., 
/ 
(9-p-r)(9-q-s) 
where the summations involve 256 terms, that is, p, q, r, s vary independently from 1 to 4. 
Now 
Yii = 2 [dql(q + S)l& p, 4. s = 1,2,3,4 
where 
6b.s = $, [&/(9-p - r)]. 
Again 
where 
Define a matrix 
4% = $, [%,/(9 - 4 - s)l. 
l/7 l/6 l/S l/4 
l/5 l/4 l/3 l/2 
l/4 l/3 l/2 1 
SO that 1/(9-p - r) is the element in row p, column r. Then yi.j is the scalar product of BAj, AiB 
denoted by 
7i.j = (BAj) * (AiB). 
It is computed by calculating BAj, AiB, multiplying the two matrices term by term and 
summing. 
For Ai the results are as follows. Let 
Then 
‘yi.j = (BLij) * ( AiB). 
8. EXAMPLE I 
Consider the following problems 
p =(-4, 11,23) 
4=(1,-2,-l) 
-415 245 -20 -10 
A, 800 -550 -20 50 = 
-695 15 -60 100 
- 30 95 200 96 
Bicuhic patch hounds 
i 
205 - II5 - IO -5 
- 100 200 235 - A, 85 = 
215 600 -4 -202 
385 - 355 - 374 - I89 - 250 130 - 30 34 
Al = 
700 - 350 65 -65 
- 480 765 -4 -98 
30s -290 -178 -77 
In this case the resultant for l4 turns out to be R= 
(u - l)‘(u - 0.8)4(u - O.~)‘(U - O.~)‘(U - 0.2)‘~ and it can be verified that intersections for the 
following fifteen triples of parameter-values are as shown 
l4 H t XI *2 x1 
0.0 0 100 96 
0.2 0 121.92 117.9’ 
0.4 0 147.36 143.36 
0.2 0.2 161.32384 157.32384 
0.4 0.2 181.15872 177.15872 
0.6 0.2 202.70368 198.70368 
0.4 0.4 207.33696 203.33696 
0.6 0.4 214.34624 210.34624 
0.8 0.4 220.99968 216.99968 
0.6 0.6 198.832% 194.83296 
0.8 0.6 179.33472 175.33472 
1.0 0.6 156.36 152.36 
0.8 0.8 86.85184 82.82 I84 
1.0 0.8 21.12 17.12 
1.0 1.0 - I95 -199 
- I89 
_ 232.84 
- 283.72 
-311.64768 
-321.31744 
- 394.40736 
- 403.67392 
- 417.69248 
- 430.99936 
- 386.66592 
- 347.66944 
- 301.72 
- 162.70368 
-31.24 
401 
- 77 
- 98.92 
- 124.36 
- 138.32384 
- 158.15872 
- 179.70368 
- 184.33696 
- 191.34624 
- 197.99968 
- 175.83296 
- 156.33472 
- 133.36 
- 63.8s 184 
I .8X 
218 
For this patch the volume of the box after rotation divided by its value before rotation is 0.0203. 
9. EXAMPLE 2 
Fig. I. The surface pictured was created from the following data. together with a least-square technique for calculating 
first derivatives. Cross derivatives were set to zero. 
CAMWA 101 3. ho LB 
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2 
2 2.49 
3 2.981 
4 3.471 
5 3.961 
I 7.45 
2 7.35 
3 7.251 
4 7.151 
5 7.051 
I IO.901 
2 10.751 
3 10.602 
4 10.453 
5 10.304 
I 14.055 
2 14.194 
3 14.331 
4 14.469 
5 14.607 
I I5 
2 15.729 
3 16.457 
4 17.185 
5 17.914 
I 2 
2.549 2.7 
0.097 2.9 
-2.354 3 
-4.806 3 
4.001 2 
2.004 3 
0.006 2.5 
- I.991 I.5 
- 3.989 2 
3.005 I 
I.512 1.425 
0.02 1.35 
- 1.473 1.276 
_ 2.965 I.? 
3.505 I 
2.261 0.8 
1.018 I.2 
- 0.224 I.6 
- I.466 I.25 
4 0 
2.689 0 
1.378 0.2 
0.066 0.6 
- I.745 1.2 
In the picture the left hand front corner is the point for which I = 1, J = 5. The right hand 
front corner is the point for which I = 5, J = 5. The left hand back corner (not seen here) has 
I = 1, J = 1: and the right hand back corner (also not seen) has I = 5, J = 1. The parameter u 
increases in the direction of increasing i, u in the direction of increasing j. 
A specific patch is de-cribed by the pair Z, J and defined by the four index pairs (I, J), (I, 
J + l), (I + 1, J), (I + 1, J + 1). 
The complete data for this surface is 
i.45 
10.901 
14.055 + 
15 
4.001 
3.005 
3.503 
4 
3.471 
7.151 
10.453 
14.469 
17185 
-2.354 
-1.991 
- 1.473 
-0.224 
0.066 
3 
3.961 
7.051 
10.304 
4.607 
17.914 
-4.806 
- 3.989 
- 2.965 
- 1.466 
- 1.245 
L 
I.5 
0 
6.0036786 
4.3426429 
3.32875 ' 
2.1573571 
0.33882143 
-0.89307143 
-1.2108571 
-0.2485 
0.71085714 
0.39007143 
0.14285714 
-0.28571429 
- 0.5 
-0.71428571 
-1.1428571 
0.48966071 
_ 0.10033929 
-0.15026786 
0.13960714 
2.49 2.981 
7.35 7.251 
10.751 10.602 
14.194 14.331 
IS.729 16.457 
2.549 0.097 
2.004 0.006 
I.512 0.02 
2.261 1.018 
2.689 1.378 
2.7 2.9 
3 2.5 
1.425 1.35 
0.8 1.2 
0 0.2 
5.287875 4.5717857 
4.00425 3.6664286 
3.478125 3.6255 
2.61525 3.0715714 
0.994875 1.6532143 
-0.46482143 -0.037446429 
-0.70535714 -0.19810714 
0.17525 0.598875 
0.77535714 0.83860714 
0.25432143 0.12069643 
0.87321429 - 0.1125 
-0.84642857 -0.975 
- I.3125 -0.6375 
~- 0.50357143 -0.375 
-0.94821429 - I.3125 
0.49067857 0.490625 
- 0.099321429 -0.99375 
-0.14946429 -0.148875 
0.13778571 0.13725 
I.5 
1.276 
I.6 
0.2 
3.8554643 
3.3290714 
3.77425 
3.5279286 
2.3100357 
0.39082143 
0.30735714 
1.02275 
0.90264286 
-0.016321429 
- 1.779 
-0.942 
0.375 
- 0.258 
- I.371 
0.48982143 
-0.10017857 
-0.14903571 
0.13821429 
3 
, 
‘ 
I.? 
I.25 
I.2 
3.139125 
2.99175 
3.922875 
3.98475 
2.968125 
0.81830357 
0.81439286 
1.447125 
0.96610714 
-0.15155357 
-0.99107143 
- I.0178571 
-0.3375 
0.11785714 
-0.13392857 
0.49008929 
-0.099910714 
-0.14898214 
0.13789286 
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0.72925 0.7285 0.72775 0.7285 0.72925 
- 2.4506429 -2.4517143 -2.4515 -2.4512857 -2.4523511 
-1.9966429 - 1.9977143 - I.9975 - 1.9972857 - I.9983571 
-1.4933571 - 1.4922857 - 1.4925 - 1.4927143 - 1.4916429 
- 1.2416607 -1.2426786 -1.242625 - 1.2418214 - 1.2420893 
-1.3110893 - 1.3108214 - 1.311625 - 1.3116786 - 1.3106607 
0.82857143 0.44285714 0.1 0.057142857 -0.028571429 
1.3392857 0.32142857 - 1.125 -0.32142857 0.91071429 
-0.074892857 -0.075214286 -0.07425 -0.074785714 -0.076607143 
-0.34732143 0.094642857 0.56875 0.030357143 -0.54017857 
-0.042857143 0.085714286 0.3 0.51428571 0.64285714 
The first three 4 x 4 arrays are x,, x2, x3 values. The second three are u derivatives, the third 
three are w derivatives. The details for one patch (3) follow. 
I, J=3, 1. 
The initial rray is: 
10.901 
14.055 
3.3285 
2.1573571 
3.005 
3.503 
-0.2485 
0.71085714 
1.5 
-0.5 
-0.71428571 
10.751 -0.15026786 -0.14946429 
14.194 0.13%0714 0.13778571 
3.478125 0 0 
2.61525 0 0 
I.512 -1.4933571 - 1.4922857 
2.261 -1.2416607 - 1.2426786 
0.17525 0 0 
0.77535714 0 0 
1.425 -0.074892857 -0.075214286 
0.8 -0.34732143 0.094642857 
- 1.3125 0 0 
-0.50357143 0 0 
The rotation array is: 
0.95406482 0.19440302 -0.15958753 
0.19440302 0.18741941 -0.0044820651 
-0.15958753 -0.0044820651 0.032475997 
The eigenvalues are: 1.0251686 0.14836164 0.0004299922 
E is: 
0.96205657 -0.18721802 0.19848567 
0.22408192 0.95718176 -0.18327676 
-0.15567415 0.22079966 0.%281518 
The rotated array is: 
10.927234 
14.15099 
3.2245985 
2.3459857 
1.166667 
0.94245809 
-0.97146148 
0.11880931 
3.0571684 
3.1105128 
0.22484587 
-0.38980423 
10.460046 
14.037541 
3.5897457 
2.768155 
-0.2508826 
-0.31654489 
-0.77322113 
0.14134739 
3.2288166 
3.173169 
-0.60545619 
-0.1078615 
-0.46754164 -0.46647843 
-0.089854779 -0.1606376 
0 0 
0 0 
-1.4178177 -1.4170135 
- 1.2913204 - I.1943681 
0 0 
0 0 
0.17176366 0.17141731 
-0.079128773 0.34622617 
0 0 
0 0 
For the rotated array xl ml”- xl mar. x,,,,. x2mri. x,,,.. x,,., are: 
10.460046 14.15099 -0.39984926 1.166667 3.0571684 3.2288166 
For the original array they are: 
IO.751 14.194 I.512 3.503 0.79473613 1.5 
The results for all 16 patches are as follows: 
I J Vol I Vol. 2 Ratio Fraction Product 
I I 5.7438642 18.203178 0.31554184 0.825 0.260 
I 2 6.4040063 7.9848494 0.80201967 0.878 0.704 
104 
I 3 9.0557263 
I 4 3.1147387 
2 1 5.1746596 
2 2 2.6307844 
2 3 3.8788594 
2 4 2.9647321 
3 I 0.99245679 
3 2 2.073179 
3 3 2.320802 
3 4 2.0560599 
4 I 0.8747227 
4 2 0.81738669 
4 3 1.4089233 
4 4 3.0793136 
IS.698655 0.57684727 0.850 0.490 
15.880387 0.19613746 0.826 0.162 
13.960151 0.3706736 0.845 0.313 
12.286403 0.21412161 0.868 0.186 
8.96 I%82 0.43281335 0.772 0.334 
6.8475456 0.43296273 0.720 0.3 I! 
4.834593 0.20528239 0.879 0.180 
5.2229306 0.39693787 0.835 0.331 
4.1606276 0.55780094 0.777 0.433 
5.4535857 0.37701065 0.772 0.291 
2.9591065 0.29560366 0.910 0.269 
4.5377676 0.18012969 0.913 0.164 
6.40095 I2 0.2201 I I55 0.934 0.206 
5.2848881 0.58266392 0.925 0.539 
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Vol. I is the rotated box volume, Vol. 2 is the original box volume, ‘ratio’ is the ratio. A Monte 
Carlo procedure was devised to estimate the fraction of rotated box volume contained in the 
intersection of the two boxes. Product is the product of ratio and fraction. For this problem it seems 
desirable to use only the rotated box. 
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